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NONUNIFORM (µ, ν)-DICHOTOMIES AND LOCAL DYNAMICS
OF DIFFERENCE EQUATIONS
ANTO´NIO J. G. BENTO AND CE´SAR M. SILVA
Abstract. We obtain a local stable manifold theorem for perturbations of
nonautonomous linear difference equations possessing a very general type of
nonuniform dichotomy, possibly with different growth rates in the uniform
and nonuniform parts. We note that we consider situations were the classical
Lyapunov exponents can be zero. Additionally, we study how the manifolds
decay along the orbit of a point as well as the behavior under perturbations
and give examples of nonautonomous linear difference equations that admit
the dichotomies considered.
1. Introduction
The main purpose of this paper is to discuss, in a Banach space X , the existence
of stable manifolds for a general family of perturbations of nonautonomous linear
difference equation
xm+1 = Amxm + fm(xm), m ∈ N,
assuming that the perturbations fm : X → X verify fm(0) = 0,
‖fm(u)− fm(v)‖ ≤ c‖u− v‖(‖u‖+ ‖v‖)
q, m ∈ N,
for some constants c > 0 and q > 1 and for each u, v ∈ X , and that the linear
equation
xm+1 = Amxm, m ∈ N,
admits a very general type of nonuniform dichotomy given by arbitrary rates of
growth.
The notion of uniform exponential dichotomy was introduced by Perron in [11]
and constitutes a very important tool in the theory of difference and differential
equations, particularly in the study of invariant manifolds. In spite of being used
in a wide range of situations, sometimes this notion is too demanding and it is of
interest to consider more general kinds of hyperbolic behavior. A much more general
type of dichotomy, allowing the rates of growth to vary along the trajectory of a
point, is the notion of nonuniform exponential dichotomy that was introduced by
Barreira and Valls in the context of nonautonomous differential equations in [4] and
that was inspired both in Perron’s classical notion of exponential dichotomy and in
the notion of nonuniformly hyperbolic trajectory introduced by Pesin in [12, 13, 14].
In the context of difference equations, it was also introduced a notion of nonuniform
exponential dichotomy in [3].
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The study of stable manifolds in the nonuniform context has a long history, start-
ing with a famous theorem on existence of stable manifolds for nonuniformly hy-
perbolic trajectories, in the finite dimensional setting, proved by Pesin [12]. In [16]
Ruelle gave an alternative proof of this theorem based on the study of perturbations
of products of matrices occurring in Oseledets’ multiplicative ergodic theorem [10]
and, inspired in the classical work of Hadamard, Pugh and Shub [15] proved the
same result using graph transform techniques. In Hilbert spaces and under some
compactness assumptions, Ruelle [17] obtained a version of the stable manifold the-
orem, following his approach in [16]. Versions of this theorem for transformations
in Banach spaces, were established first by Man˜e´ [9] under some compactness and
invertibility assumptions and then by Thieullen [18] under weaker hypothesis.
Stable manifold were also obtained for perturbations of nonautonomous lin-
ear differential equations and for perturbations of nonautonomous linear difference
equations, assuming respectively that the linear differential equation and linear dif-
ference equation admit a nonuniform exponential dichotomy. We refer the reader to
the book [5], where the obtention of stable manifolds for perturbations of linear dif-
ferential equations admitting the existence of nonuniform exponential dichotomies
is discussed, and also to [3, 2, 1] for a related discussion in the context of difference
equations.
Recently, invariant stable manifolds were obtained for perturbations of nonau-
tonomous linear difference and differential equations, assuming the existence of
nonuniform dichotomies that are not exponential. In particular, in the discrete
time setting, assuming the existence of a some type of polynomial dichotomy for a
nonautonomous linear difference equation, it was established in [6] the existence of
local stable manifolds for a certain class of perturbations and, for a more restricted
class, there were also obtained global stable manifolds.
Our result can be seen as a discrete counterpart of the results obtained in [7] for
nonautonomous differential equations and we emphasize that the stable manifold
theorem for perturbations of linear difference equations with nonuniform exponen-
tial dichotomies in [3] is included in our theorem as a very particular case and our
result also includes as particular cases stable manifold theorems for polynomial di-
chotomies, as well as many other situations where the classical Lyapunov exponent
is zero. We stress that, to the best of our knowledge, in the context of perturba-
tions of nonautonomous linear difference equations that admit a non-exponential
nonuniform dichotomy, our result is the first one addressing the existence of local
stable manifolds for the general class of perturbations above. In particular, it is
new even for nonuniform polynomial dichotomies (in [6] it was already considered
the polynomial case but the type of nonuniform dichotomies considered there were
different from the ones considered here). In the context of differential equations
and under the existence of nonuniform polynomial dichotomies it were also obtained
local and global stable manifolds in [8].
As mentioned, the type of dichotomies considered in this paper are very general,
allowing different rates of growth for the uniform and the nonuniform parts and
thus, to establish the existence of stable manifolds, we must assume conditions
relating the rate of decay of the some balls in the stable spaces and the growth
rates.
To highlight the generality of this concept of dichotomy, we discuss some families
of new examples that verify the hypothesis in our main result. Additionally, we
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obtain a upper bound for the decay of solutions along the stable manifolds and we
study how the stable manifolds vary with the perturbations by giving bounds, in
some suitable metric, on the distances between the functions whose graphs are the
stable manifolds.
The content of the paper is the following: in Section 2 we introduce some nota-
tion, the main definitions and state the main theorem; next, in Section 3 we present
some examples; then, in Section 4, we prove the main theorem; finally, in Section 5
we study how the manifolds obtained vary with the perturbations considered.
2. Main Result
We say that an increasing sequence µ = (µn)n∈N0 is a growth rate if µ0 ≥ 1 and
lim
n→+∞
µn = +∞.
Let µ = (µn)n∈N0 and ν = (νn)n∈N0 be growth rates and let B(X) be the space
of bounded linear operators in a Banach space X . Given a sequence (An)n∈N of
invertible operators of B(X) and putting
Am,n =
{
Am−1 · · ·An if m > n,
Id if m = n,
we say that the linear difference equation
xm+1 = Amxm, m ∈ N (1)
admits a nonuniform (µ, ν)-dichotomy if there exist projections Pm, m ∈ N, such
that
PmAm,n = Am,nPn, m, n ∈ N,
and constants a < 0 ≤ b, ε ≥ 0 and D ≥ 1 such that for every n ∈ N and every
m ≥ n,
‖Am,nPn‖ ≤ D
(
µm
µn−1
)a
νεn−1, (2)
‖A−1m,nQm‖ ≤ D
(
µm−1
µn
)−b
νεm−1, (3)
where Qm = Id−Pm is the complementary projection. When ε = 0 we say that we
have a uniform µ-dichotomy or simply a µ-dichotomy.
In these conditions we define, for each n ∈ N, the linear subspaces En = Pn(X)
and Fn = Qn(X). As usual, we identify the vector spaces En ×Fn and En ⊕Fn as
the same vector space.
We are going to address the problem of existence of stable manifolds of the
difference equation
xm+1 = Amxm + fm(xm), m ∈ N,
where fm : X → X are perturbations for which there are constants c > 0 and q > 1
such that
fm(0) = 0, (4)
‖fm(u)− fm(v)‖ ≤ c‖u− v‖(‖u‖+ ‖v‖)
q (5)
for every m ∈ N and every u, v ∈ X . Note that making v = 0 in (5) we have
‖fm(u)‖ ≤ c‖u‖
q+1 (6)
for every m ∈ N and every u ∈ X .
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Given n ∈ N and vn = (ξ, η) ∈ En × Fn, for each m > n we write
vm = Fm,n(vn) = Fm,n(ξ, η) = (xm, ym) ∈ Em × Fm, (7)
with
Fm,n =
{
(Am−1 + fm−1) ◦ · · · ◦ (An + fn) if m > n,
Id if m = n.
(8)
We denote by Bn(r) the open ball of En centered at zero and with radius r > 0.
Fix now δ > 0 and let β = (βn)n∈N be a positive sequence. We denote by Xδ,β the
space of sequences (ϕn)n∈N of continuous functions ϕn : Bn(δβn)→ Fn such that
ϕn(0) = 0 (9)
‖ϕn(ξ)− ϕn(ξ¯)‖ ≤ ‖ξ − ξ¯‖ (10)
for every ξ, ξ¯ ∈ Bn(δβn) and every n ∈ N. Given (ϕn)n∈N ∈ Xδ,β, for each n ∈ N,
we consider the graph
Vϕ,n,δ,β = {(ξ, ϕn(ξ)) : ξ ∈ Bn(δβn)} , (11)
that we call local stable manifold.
We now state the result on the existence of local stable manifolds and its proof
will be given in Section 4.
Theorem 1. Given a Banach space X, let fm : X → X be a sequence of functions
satisfying (4) and (5) for some c > 0 and q > 1. Suppose equation (1) admits a
nonuniform (µ, ν)-dichotomy for some growth rates µ and ν, D ≥ 1, a < 0 ≤ b and
ε ≥ 0. Assume that
lim
m→+∞
µamµ
−b
m−1ν
ε
m−1 = 0 (12)
and that
+∞∑
k=1
µaqk ν
ε
k is convergent. (13)
Define the sequences β = (βm)m∈N and β˜ =
(
β˜m
)
m∈N
by
βm =
µam−1
ν
ε(1+1/q)
m−1
(
+∞∑
k=m
µaqk ν
ε
k
)1/q and β˜m = βmν−εm−1 (14)
and suppose that there is a constant K ≥ 1 such that
µamβ
−1
m
µan−1β
−1
n
≤ K for every n ∈ N and every m ≥ n. (15)
Then, for every C > D, choosing δ > 0 sufficiently small, there is a unique ϕ ∈ Xδ,β
such that
Fm,n(Vϕ,n,δ/(CK),β˜) ⊆ Vϕ,m,δ,β for every n ∈ N and every m ≥ n. (16)
where Vϕ,n,δ/(CK),β˜ and Vϕ,m,δ,β are given by (11). Furthermore, given n ∈ N, we
have
‖Fm,n(ξ, ϕn(ξ))− Fm,n(ξ¯, ϕn(ξ¯))‖ ≤ 2C
(
µm
µn−1
)a
νεn−1 ‖ξ − ξ¯‖. (17)
for every m ≥ n and ξ, ξ¯ ∈ Bn(δβ˜n/(CK)).
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3. Examples
In this section we will illustrate our main result with some examples. Firstly,
we will give examples of linear difference equations admitting nonuniform (µ, ν)-
dichotomies for any growth rates µ and ν. Secondly, we show that the nonuniform
exponential result obtained in [3] is a particular case of our theorem and finally we
highlight two new settings were our main theorem can be applied.
Example 1. Given a < 0 ≤ b and ε ≥ 0, let (An)n∈N be the sequence of bounded
linear operators An : R
2 → R2 given by the diagonal matrices
An =

(
µn+1
µn−1
)a (
ν
cos(npi)−1
n
ν
cos((n−1)pi)−1
n−1
)ε/2
0
0
(
µn+1
µn
)b (
ν
cos(npi)−1
n
ν
cos((n−1)pi)−1
n−1
)ε/2

where µ = (µn)n∈N0 and ν = (νn)n∈N0 are two growth rates. Then
Am,n =

(
µm−1µm
µn−1µn
)a(νcos((m−1)pi)−1m−1
ν
cos((n−1)pi)−1
n−1
)ε/2
0
0
(
µm
µn
)b (νcos((m−1)pi)−1m−1
ν
cos((n−1)pi)−1
n−1
)ε/2

and considering the projections given by Pn(x, y) = (x, 0) and Qn(x, y) = (0, y) we
have
‖Am,nPn‖ =
(
µm−1
µn
)a(
µm
µn−1
)a (νcos((m−1)pi)−1m−1
ν
cos((n−1)pi)−1
n−1
)ε/2
and
‖A−1m,nQm‖ =
(
µm
µm−1
)−b(
µm−1
µn
)−b (νcos((m−1)pi)−1m−1
ν
cos((n−1)pi)−1
n−1
)−ε/2
and this implies
‖Am,nPn‖ ≤
(
µm
µn−1
)a
νεn−1 and ‖A
−1
m,nQm‖ ≤
(
µm−1
µn
)−b
νεm−1.
This example shows that for every growth rates µ and ν we have a nonuniform
(µ, ν)-dichotomy.
Moreover, if m is even, n is odd and µm/µm−1 is bounded by a constant λ then
λ−b
(
µm−1
µn
)−b
νεm−1 ≤ ‖A
−1
m,nQm‖ ≤
(
µm−1
µn
)−b
νεm−1
and this shows that the nonuniform part of the dichotomy can not be removed.
Example 2. With µn = νn = e
n we get the local stable manifold theorem obtained
by Barreira and Valls in [3]. Here, condition (12) becomes a+ε < b, condition (13)
becomes aq + ε < 0 and since
βm = e
−a+ε(1+1/q)
(
1− eaq+ε
)1/q
e−ε(1+2/q)m
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and
µamβ
−1
m
µan−1β
−1
n
= ea e(a+ε(1+2/q))(m−n),
condition (15) becomes a + ε(1 + 2/q) ≤ 0, that is the condition a + β ≤ 0 in [3].
Note that condition a+ ε(1 + 2/q) ≤ 0 implies a+ ε < b and aq + ε < 0, although
the first implication seems to have been unnoticed in [3].
Example 3. We will now consider the polynomial case, i.e., µn = νn = 1 + n.
For these rates, condition (12) becomes a + ε < b and condition (13) becomes
aq + ε+ 1 < 0. Since∫ +∞
m
(1 + t)aq+ε dt ≤
+∞∑
k=m
µaqk ν
ε
k =
+∞∑
k=m
(1 + k)aq+ε ≤
∫ +∞
m−1
(1 + t)aq+ε dt,
we obtain the estimates
1
|aq + ε+ 1|
(1 +m)aq+ε+1 ≤
+∞∑
k=m
(1 + k)aq+ε ≤
1
|aq + ε+ 1| 2aq+ε+1
(1 +m)aq+ε+1
and this implies
βm ≤
|aq + ε+ 1|
1/q
2a−ε(1+1/q)
(1 +m)−ε(1+2/q)−1/q
and
βm ≥ 2
a+ε/q+1/q |aq + ε+ 1|
1/q
(1 +m)−ε(1+2/q)−1/q.
Hence
µamβ
−1
m
µan−1β
−1
n
≤ 2−2a+ε−1/q
(
1 +m
1 + n
)a+ε(1+2/q)+1/q
and to have condition (15) we need to have a + ε(1 + 2/q) + 1/q ≤ 0. Therefore,
taking into account that a+ ε(1+2/q)+ 1/q ≤ 0 implies a+ ε < b and also implies
aq + ε + 1 < 0 when ε > 0, if a + ε(1 + 2/q) + 1/q ≤ 0 and ε > 0 we have a
local stable manifold theorem. If aq + 1 < 0 and ε = 0 we also have a local stable
manifold theorem.
Example 4. In this example we will consider a nonuniform dichotomy with the
following growth rates
µn = (1 + n) (1 + log(1 + n))
λ
and νn = 1 + log(1 + n),
with λ ≥ 0. Then condition (12) is satisfied for every a < 0 ≤ b and every ε ≥ 0.
The series in (13) becomes
∞∑
k=1
µaqk ν
ε
k =
∞∑
k=1
(1 + k)aq (1 + log(1 + k))
λaq+ε
and is convergent if aq < −1 or if aq = −1 and ε− λ < −1.
If aq < −1, there are positive constants θ1 and θ2 such that
∞∑
k=m
µaqk ν
ε
k ≥ θ1 (1 +m)
aq+1 (1 + log(1 +m))
λaq+ε
and
∞∑
k=m
µaqk ν
ε
k ≤ θ2 (1 +m)
aq+1 (1 + log(1 +m))
λaq+ε
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for every m ∈ N and this implies that
βm ≤
θ
−1/q
1
2a(1 + log 2)λa−ε(1+1/q)
(1 +m)−1/q (1 + log(1 +m))
−ε(1+2/q)
and
βm ≥ θ
−1/q
2 (1 +m)
−1/q (1 + log(1 +m))
−ε(1+2/q)
for every m ∈ N. Hence
µamβ
−1
m
µan−1β
−1
n
≤ A
(
m+ 1
n+ 1
)a+1/q (
1 + log(1 +m)
1 + log(1 + n)
)λa+ε(1+2/q)
with
A =
θ
1/q
2
θ
1/q
1 2
a(1 + log 2)λa−ε(1+1/q)
and since aq < −1 condition (15) is always satisfied. Therefore if aq < −1 we have
a local stable manifold theorem for every nonuniform dichotomy with these growth
rates.
When aq = −1 and ε− λ < −1, there are positive constants θ3 and θ4 such that
θ3 (1 + log(1 +m))
−λ+ε+1
≤
+∞∑
k=m
µ−1k ν
ε
k ≤ θ4 (1 + log(1 +m))
−λ+ε+1
for every m ∈ N. This estimates imply that
βm ≤
θ
−1/q
3
2a(1 + log 2)λa−ε(1+1/q)
(1 +m)−1/q (1 + log(1 +m))
−ε(1+2/q)−1/q
and
βm ≥ θ
−1/q
4 (1 +m)
−1/q (1 + log(1 +m))
−ε(1+2/q)−1/q
for every m ∈ N. Hence
µamβ
−1
m
µan−1β
−1
n
≤
θ
1/q
4
θ
1/q
3 2
a(1 + log 2)−λ/q−ε(1+1/q)
(
1 + log(1 +m)
1 + log(1 + n)
)(1−λ)/q+ε(1+2/q)
for every m ∈ N and condition (15) is satisfied if (1 − λ)/q + ε(1 + 2/q) ≤ 0.
Since (1 − λ)/q + ε(1 + 2/q) ≤ 0 and ε > 0 imply ε − λ < −1, if aq = −1 and
(1 − λ)/q + ε(1 + 2/q) ≤ 0 and ε > 0 we have a local stable manifold theorem for
nonuniform dichotomies with these rates. If aq = −1, ε = 0 and λ > 1 we also
have a local stable manifold theorem.
4. Proof of Theorem 1
Given n ∈ N and vn = (ξ, η) ∈ En×Fn, using (7), it follows that for eachm > n,
the trajectory (vm)m>n satisfies the following equations
xm = Am,nξ +
m−1∑
k=n
Am,k+1Pk+1fk(xk, yk), (18)
ym = Am,nη +
m−1∑
k=n
Am,k+1Qk+1fk(xk, yk). (19)
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In view of the forward invariance mentioned in (16), each trajectory of (8) starting
in Vϕ,n,δ/(CK),β˜ must be in Vϕ,m,δ,β for every m ≥ n, and thus the equations (18)
and (19) can be written in the form
xm = Am,nξ +
m−1∑
k=n
Am,k+1Pk+1fk(xk, ϕk(xk)), (20)
ϕm(xm) = Am,nϕn(ξ) +
m−1∑
k=n
Am,k+1Qk+1fk(xk, ϕk(xk)). (21)
To prove that equations (20) and (21) have solutions we will use Banach fixed point
theorem in some suitable complete metric spaces.
In Xδ,β we define a metric by
‖ϕ− ψ‖′ = sup
{
‖ϕn(ξ)− ψn(ξ)‖
‖ξ‖
: n ∈ N and ξ ∈ Bn(δβn) \ {0}
}
. (22)
for each ϕ = (ϕn)n∈N, ψ = (ψn)n∈N ∈ Xδ,β. It is easy to see that Xδ,β is a complete
metric space with the metric defined by (22).
We also need to consider the space X∗δ,β of sequences ϕ = (ϕn)n∈N with ϕn : En →
Fn such that the sequence (ϕn|Bn(δβn))n∈N is in Xδ,β and, for each n ∈ N,
ϕn(ξ) = ϕn
(
δβnξ
‖ξ‖
)
whenever ξ 6∈ Bn(δβn).
There is a one-to-one correspondence between sequences in Xδ,β and in X
∗
δ,β because
for each sequence of functions ϕ = (ϕn)n∈N ∈ Xδ,β there is a unique extension ϕ˜ =
(ϕ˜n)n∈N such that each ϕ˜n is a Lipschitz extension of ϕn to Bn(δβn). This one-to-
one correspondence allows to define a metric in X∗δ,β. For every ϕ = (ϕn)n∈N , ψ =
(ϕn)n∈N ∈ X
∗
δ,β, we define this metric by
‖ϕ− ψ‖′ = ‖ϕ− ψ‖′
where ϕ =
(
ϕn|Bn(δβn)
)
n∈N
, ψ =
(
ψn|Bn(δβn)
)
n∈N
and the right hand side is the
metric defined by (22). Is is easy to see that with this metric X∗δ,β is a complete
metric space.
Furthermore, given ϕ = (ϕn)n∈N , ψ = (ψn)n∈N ∈ X
∗
δ,β, one can easily verify
that
‖ϕn(ξ)− ϕn(ξ¯)‖ ≤ 2‖ξ − ξ¯‖ (23)
‖ϕn(ξ)− ψn(ξ)‖ ≤ ‖ϕ− ψ‖
′‖ξ‖ (24)
for every n ∈ N and every ξ, ξ¯ ∈ En.
Let B = Bn,δ,β be the space of all sequences x = (xm)m≥n of functions
xm : Bn(δβn)→ Em
such that
xn(ξ) = ξ, xm(0) = 0 (25)
‖xm(ξ)− xm(ξ¯)‖ ≤ C
(
µm
µn−1
)a
νεn−1 ‖ξ − ξ¯‖ (26)
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for every m ≥ n and every ξ, ξ¯ ∈ Bn(δβn). Making ξ¯ = 0 in (26) we obtain the
following estimates
‖xm(ξ)‖ ≤ C
(
µm
µn−1
)a
νεn−1‖ξ‖ ≤ Cδ
(
µm
µn−1
)a
νεn−1βn (27)
for every m ≥ n and every ξ ∈ Bn(δβn). In Bn,δ,β we define a metric by
‖x− y‖′′ = sup
{
‖xm(ξ)− ym(ξ)‖
‖ξ‖
(
µm
µn−1
)−a
ν−εn−1 : m ≥ n, ξ ∈ Bn(δβn)
}
(28)
for every x, y ∈ Bn,δ,β. It is easy to see that with this metric Bn,δ,β is a complete
metric space.
Lemma 1. Given δ > 0 sufficiently small, for each ϕ ∈ X∗δ,β and n ∈ N there exists
a unique sequence x = xϕ ∈ Bn,δ,β satisfying the equation (20) for every m ≥ n
and ξ ∈ Bn(δβn). Moreover, choosing δ > 0 sufficiently small, we have
‖xϕ − xψ‖′′ ≤
C
3
ν−εn−1‖ϕ− ψ‖
′ (29)
for each ϕ, ψ ∈ X∗δ,β.
Proof. Given ϕ ∈ X∗δ,β, we define an operator J = Jϕ in Bn,δ,β by
(Jx)m(ξ) =

ξ if m = n,
Am,nξ +
m−1∑
k=n
Am,k+1Pk+1fk(xk(ξ), ϕk(xk(ξ))) if m > n.
(30)
One can easily verify from (25), (9) and (4) that (Jx)m(0) = 0 for every m ≥ n.
Let x ∈ Bn,δ,β and, for every k ≥ n, put
αk = ‖fk(xk(ξ), ϕk(xk(ξ))) − fk(xk(ξ¯), ϕk(xk(ξ¯)))‖
with ξ, ξ¯ ∈ Bn(δβn). From (30) it follows that
‖(Jx)m(ξ)− (Jx)m(ξ¯)‖ ≤ ‖Am,nPn‖ ‖ξ − ξ¯‖+
m−1∑
k=n
‖Am,k+1Pk+1‖αk (31)
for every m > n. From (5), (23), (26) and (27) we obtain
αk ≤ c
(
‖xk(ξ)− xk(ξ¯)‖+ ‖ϕk(xk(ξ))− ϕk(xk(ξ¯))‖
)
×
×
(
‖xk(ξ)‖ + ‖ϕk(xk(ξ))‖ + ‖xk(ξ¯)‖ + ‖ϕk(xk(ξ¯))‖
)q
≤ 3q+1c‖xk(ξ) − xk(ξ¯)‖
(
‖xk(ξ)‖ + ‖xk(ξ¯)‖
)q
≤ c(3C)q+1 (2δ)q
(
µk
µn−1
)aq+a
ν
ε(q+1)
n−1 β
q
n‖ξ − ξ¯‖.
(32)
By (14) we get
µ−aqn−1ν
ε(q+1)
n−1 β
q
n
+∞∑
k=n
µaqk ν
ε
k = 1 (33)
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and this together with (32) and (2) imply
m−1∑
k=n
‖Am,k+1Pk+1‖αk
≤ c(3C)q+1D(2δ)q
(
µm
µn−1
)a
‖ξ − ξ¯‖µ−aqn−1ν
ε(q+1)
n−1 β
q
n
m−1∑
k=n
µaqk ν
ε
k
≤ c(3C)q+1D(2δ)q
(
µm
µn−1
)a
‖ξ − ξ¯‖.
From last estimate, (31) and (2) we have
‖(Jx)m(ξ)− (Jx)m(ξ¯)‖
≤ D
(
µm
µn−1
)a
νεn−1‖ξ − ξ¯‖+ c(3C)
q+1D(2δ)q
(
µm
µn−1
)a
‖ξ − ξ¯‖
for every m ≥ n and every ξ, ξ¯ ∈ Bn(δβn). Since C > D, choosing δ sufficiently
small we obtain
‖(Jx)m(ξ) − (Jx)m(ξ¯)‖ ≤ C
(
µm
µn−1
)a
νεn−1‖ξ − ξ¯‖
and this implies the inclusion J(Bn,δ,β) ⊂ Bn,δ,β.
We now show that J is a contraction for the metric induced by (28). Let x, y ∈
Bn,δ,β. Then
‖(Jx)m(ξ)− (Jy)m(ξ)‖
≤
m−1∑
k=n
‖Am,k+1Pk+1‖ ‖fk(xk(ξ), ϕk(xk(ξ))) − fk(yk(ξ), ϕk(yk(ξ)))‖
(34)
for every m ≥ n and every ξ,∈ Bn(δβn). By (5), (23), (28) and (27) we have for
every k ≥ n
‖fk(xk(ξ), ϕk(xk(ξ))) − fk(yk(ξ), ϕk(yk(ξ)))‖
≤ c (‖xk(ξ)− yk(ξ)‖+ ‖ϕk(xk(ξ))− ϕk(yk(ξ))‖)×
× (‖xk(ξ)‖ + ‖ϕk(xk(ξ))‖ + ‖yk(ξ)‖ + ‖ϕk(yk(ξ))‖)
q
≤ 3q+1c‖xk(ξ)− yk(ξ)‖ (‖xk(ξ)‖ + ‖yk(ξ)‖)
q
≤ 3q+1c
(
µk
µn−1
)a
νεn−1‖x− y‖
′′‖ξ‖(2Cδ)q
(
µk
µn−1
)aq
νεqn−1β
q
n
≤ 3q+1c(2Cδ)q
(
µk
µn−1
)aq+a
ν
ε(q+1)
n−1 β
q
n‖x− y‖
′′‖ξ‖.
(35)
Hence, from (34), (2) and (35) we have
‖(Jx)m(ξ) − (Jy)m(ξ)‖
≤ 3q+1c(2Cδ)qD
(
µm
µn−1
)a
‖ξ‖‖x− y‖′′µ−aqn−1ν
ε(q+1)
n−1 β
q
n
m−1∑
k=n
µaqk ν
ε
n
≤ 3q+1c(2Cδ)qD
(
µm
µn−1
)a
‖ξ‖‖x− y‖′′
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for every m ≥ n and every ξ ∈ Bn(δβn) and this implies
‖Jx− Jy‖′′ ≤ 3q+1c(2Cδ)qD‖x− y‖′′.
Choosing δ > 0 such that 3q+1c(2Cδ)qD < 1 it follows that J is a contraction in
Bn,δ,β. Because Bn,δ,β is complete, by the Banach fixed point theorem, the map J
has a unique fixed point xϕ in Bn,δ,β, which is thus the desired sequence.
Next we will prove (29). Let ϕ, ψ ∈ X∗δ,β. From (20) we have
‖xϕm(ξ)− x
ψ
m(ξ)‖
≤
m−1∑
k=n
‖Am,k+1Pk+1‖ ‖fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) − fk(x
ψ
k (ξ), ψk(x
ψ
k (ξ)))‖
(36)
for every m ≥ n and every ξ ∈ Bn(δβn). By (5), (23), (28), (24) and (27) it follows
that
‖fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ)))− fk(x
ψ
k (ξ), ψk(x
ψ
k (ξ)))‖
≤ c
(
‖xϕk (ξ)− x
ψ
k (ξ)‖ + ‖ϕk(x
ϕ
k (ξ)) − ψk(x
ψ
k (ξ))‖
)
×
×
(
‖xϕk (ξ)‖+ ‖ϕk(x
ϕ
k (ξ))‖ + ‖x
ψ
k (ξ)‖ + ‖ψk(x
ψ
k (ξ))‖
)q
≤ c
(
3‖xϕk (ξ)− x
ψ
k (ξ)‖ + ‖ϕk(x
ψ
k (ξ)) − ψk(x
ψ
k (ξ))‖
)(
3‖xϕk (ξ)‖ + 3‖x
ψ
k (ξ)‖
)q
≤ c(6Cδ)q
(
3‖xϕ − xψ‖′′
(
µk
µn−1
)a
νεn−1‖ξ‖+ ‖ϕ− ψ‖
′‖xψk (ξ)‖
)
×
×
(
µk
µn−1
)aq
νεqn−1β
q
n
≤ c(6Cδ)q
(
3‖xϕ − xψ‖′′ + C‖ϕ− ψ‖′
)
‖ξ‖
(
µk
µn−1
)aq+a
ν
ε(q+1)
n−1 β
q
n
(37)
for every k ≥ n. Hence by (36), last inequality, (2) and (33) we get
‖xϕm(ξ) − x
ψ
m(ξ)‖ ≤ c(6Cδ)
qD
(
3‖xϕ − xψ‖′′ + C‖ϕ− ψ‖′
)
×
× ‖ξ‖
(
µm
µn−1
)a
νεn−1µ
−aq
n−1ν
εq
n−1β
q
n
m∑
k=n
µaqk ν
ε
k
≤ c(6Cδ)qD
(
3‖xϕ − xψ‖′′ + C‖ϕ− ψ‖′
)
‖ξ‖
(
µm
µn−1
)a
for every m ≥ n and every ξ ∈ Bn(δβn) and this implies
‖xϕ − xψ‖′′ ≤ c(6Cδ)qDν−εn−1
(
3‖xϕ − xψ‖′′ + C‖ϕ− ψ‖′
)
.
Choosing δ > 0 such that c(6Cδ)qD < 1/6 we have (29). 
We now represent by
(
xϕn,k
)
k≥n
∈ Bn,δ,β the unique sequence given by Lemma 1.
Lemma 2. Given δ > 0 sufficiently small and ϕ ∈ X∗δ,β the following properties
hold:
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1) If for every n ∈ N, m ≥ n and ξ ∈ Bn(δβn) the identity (21) holds with x = x
ϕ,
then
ϕn(ξ) = −
∞∑
k=n
A
−1
k+1,nQk+1fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ))). (38)
for every n ∈ N and every ξ ∈ Bn(δβn).
2) If for every n ∈ N and every ξ ∈ Bn(δβn) the equation (38) holds, then (21)
holds with x = xϕ for every n ∈ N, every m ≥ n and every ξ ∈ Bn(δβ˜n/(CK)).
Proof. First we prove that the series in (38) is convergent. From (3), (6), (23)
and (27), we conclude that for every n ∈ N and every ξ ∈ Bn(δβn)
∞∑
k=n
‖A−1k+1,nQk+1fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ)))‖
≤
∞∑
k=n
‖A−1k+1,nQk+1‖ ‖fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ)))‖
≤
∞∑
k=n
D
(
µk
µn
)−b
νεkc
(
‖xϕn,k(ξ)‖ + ‖ϕk(x
ϕ
n,k(ξ))‖
)q+1
≤ cD
∞∑
k=n
(
µk
µn
)−b
νεk
(
3Cδ
(
µk
µn−1
)a
νεn−1βn
)q+1
≤ c(3Cδ)q+1Dµbnµ
−aq−a
n−1 ν
ε(q+1)
n−1 β
q+1
n
∞∑
k=n
µaq+a−bk ν
ε
k
≤ c(3Cδ)q+1Dµ−aqn−1ν
ε(q+1)
n−1 β
q+1
n
∞∑
k=n
µaqk ν
ε
k
≤ c(3Cδ)q+1Dβn
and thus the series converges.
Now, let us suppose that (21) holds with x = xϕ for every n ∈ N, every m ≥ n
and every ξ ∈ Bn(δβn). Then, since A
−1
m,nAm,k+1 = A
−1
k+1,n for n ≤ k ≤ m − 1,
equation (21) can be written in the following equivalent form
ϕn(ξ) = A
−1
m,nϕm(x
ϕ
n,m(ξ)) −
m−1∑
k=n
A
−1
k+1,nQk+1fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ))). (39)
Using (3), (23) and (27), we have
‖A−1m,nϕm(x
ϕ
n,m(ξ))‖ = ‖A
−1
m,nQmϕm(x
ϕ
n,m(ξ))‖
≤ 2D
(
µm−1
µn
)−b
νεm−1‖x
ϕ
n,m(ξ)‖
≤ 2D
(
µm−1
µn
)−b
νεm−1Cδ
(
µm
µn−1
)a
νεn−1βn
≤ 2CDδµamµ
−b
m−1ν
ε
m−1µ
b
nµ
−a
n−1ν
ε
n−1βn
and by (12) this converge to zero when m→∞. Hence, letting m→∞ in (39) we
obtain the identity (38) for every n ∈ N and every ξ ∈ Bn(δβn).
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We now assume that for every n ∈ N, m ≥ n and ξ ∈ Bn(δβn) the identity (38)
holds. If ξ ∈ Bn(δβ˜n/(CK)), then by (15) we get
‖xn,m(ξ)‖ ≤ C
(
µm
µn−1
)a
νεn−1
δ
CK
β˜n =
δ
K
µamβ
−1
m
µan−1β
−1
n
βm ≤ δβm. (40)
Therefore
Am,nϕn(ξ) = −
∞∑
k=n
Am,nA
−1
k+1,nQk+1fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ))),
and thus it follows from (38) and the uniqueness of the sequences xϕ that
Am,nϕn(ξ) +
m−1∑
k=n
Am,k+1Qk+1fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ)))
= −
∞∑
k=m
A
−1
k+1,mQk+1fk(x
ϕ
n,k(ξ), ϕk(x
ϕ
n,k(ξ)))
= −
∞∑
k=m
A
−1
k+1,mQk+1fk(x
ϕ
m,k(x
ϕ
n,m(ξ)), ϕk(x
ϕ
m,k(x
ϕ
n,m(ξ))))
= ϕm(x
ϕ
n,m(ξ))
for every n ∈ N, every m ≥ n and every ξ ∈ Bn(δβn/(CK)). This proves the
lemma. 
Lemma 3. Given δ > 0 sufficiently small there is a unique ϕ ∈ X∗δ,β such that
ϕn(ξ) = −
∞∑
k=n
A
−1
k+1,nQk+1fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ)))
for every n ∈ N and every ξ ∈ Bn(δβn).
Proof. We consider the operator Φ defined for each ϕ ∈ X∗δ,β by
(Φϕ)n(ξ) =
−
∞∑
k=n
A
−1
k+1,nQk+1fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) if ξ ∈ Bn(δβn),
(Φϕ)n(δβnξ/‖ξ‖) if ξ 6∈ Bn(δβn),
(41)
where xϕ = (xϕk )k≥n ∈ Bn,δ,β is the unique sequence given by Lemma 1. It follows
from (4), (25), (9) and (41) that (Φϕ)n(0) = 0 for each n ∈ N.
Furthermore, given n ∈ N and ξ, ξ¯ ∈ Bn(δβn), by (3), (32) and (33) we have
‖(Φϕ)n(ξ) − (Φϕ)n(ξ¯)‖
≤
∞∑
k=n
‖A−1k+1,nQk+1‖ · ‖fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) − fk(x
ϕ
k (ξ¯), ϕk(x
ϕ
k (ξ¯)))‖
≤ c(3C)q+1D (2δ)
q
‖ξ − ξ¯‖µ−aq−an−1 µ
b
nν
ε(q+1)
n−1 β
q
n
∞∑
k=n
µaq+a−bk ν
ε
k
≤ c(3C)q+1D (2δ)q ‖ξ − ξ¯‖µ−aqn−1ν
ε(q+1)
n−1 β
q
n
∞∑
k=n
µaqk ν
ε
k
= c(3C)q+1D (2δ)
q
‖ξ − ξ¯‖.
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Hence, choosing δ > 0 (independently of ϕ, n and ξ) such that c(3C)q+1D (2δ)
q
≤ 1
we have
‖(Φϕ)n(ξ)− (Φϕ)n(ξ¯)‖ ≤ ‖ξ − ξ¯‖.
Therefore Φ(X∗δ,β) ⊂ X
∗
δ,β.
We now show that Φ is a contraction. Given ϕ, ψ ∈ X∗δ,β and n ∈ N, let
xϕ and xψ be the unique sequences given by Lemma 1 respectively for ϕ and ψ.
By (3), (37), (29) and (33) we have
‖(Φϕ)n(ξ)− (Φψ)n(ξ)‖
≤
∞∑
k=n
‖A−1k+1,nQk+1‖‖fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) − fk(x
ψ
k (ξ), ϕk(x
ψ
k (ξ)))‖
≤ cD(6Cδ)q
(
3‖xϕ − xψ‖′′ + C‖ϕ− ψ‖′
)
‖ξ‖µ−aq−an−1 µ
b
nν
ε(q+1)
n−1 β
q
n
∞∑
k=n
µaq+a−bk ν
ε
k
≤ 2cCq+1D(6δ)q‖ξ‖‖ϕ− ψ‖′µ−aqn−1ν
ε(q+1)
n−1 β
q
n
∞∑
k=n
µaqk ν
ε
k
= 2cCq+1D(6δ)q‖ξ‖‖ϕ− ψ‖′
for every n ∈ N and every ξ ∈ Bn(δβn) and this implies
‖Φϕ− Φψ‖′ ≤ 2cCq+1D(6δ)q‖ϕ− ψ‖′.
Choosing δ > 0 such that 2cCq+1D(6δ)q < 1 it follows that Φ is a contraction in
X
∗
δ,β. Therefore the map Φ has a unique fixed point ϕ in X
∗
δ,β that is the desired
sequence. 
We are now in conditions to prove Theorem 1.
Proof of Theorem 1. By Lemma 1, for each ϕ ∈ X∗δ,β there is a unique sequence
xϕ ∈ Bn,δ,β satisfying (20). It remains to show that there is a ϕ and a corresponding
xϕ that satisfie (21). By Lemma 2, this is equivalent to solve (38). Finally, by
Lemma 3, there is a unique solution of (38). This establishes the existence of the
stable manifolds for δ > 0 sufficiently small. Moreover, for each n ∈ N, m ≥ n and
ξ, ξ¯ ∈ Bn(δβ˜n/(CK)) it follows from (40) and (10) that
‖Fm,n(ξ, ϕn(ξ)) − Fm,n(ξ, ϕn(ξ¯))‖
≤ ‖xm(ξ)− xm(ξ¯)‖+ ‖ϕm(xm(ξ))− ϕm(xm(ξ¯))‖
≤ 2‖xm(ξ)− xm(ξ¯)‖
≤ 2C
(
µm
µn−1
)a
νεn−1‖ξ − ξ¯‖.
Hence we obtain (17) and the theorem is proved. 
5. Behavior under perturbations
In this section we assume that equation (1) admits a (µ, ν)-dichotomy for some
D ≥ 1, a < 0 ≤ b and ε ≥ 0. Given c > 0 and q > 1, let Pc,q be the class of all
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sequences of function f = (fn)n∈N such that fn : X → X and verify conditions (4)
and (5) with the given c and q. In Pc,q we can define a metric by
‖f − f¯‖′′′ = sup
{
‖fn(u)− f¯n(u)‖
‖u‖q+1
: n ∈ N, u ∈ X \ {0}
}
, (42)
for every f = (fn)n∈N , f¯ =
(
f¯n
)
n∈N
∈ Pc,q.
The purpose of this section is to see how the manifolds in Theorem 1 vary with
the perturbations. To do this we consider two sequence of perturbations f, f¯ ∈ Pc,q
and the functions ϕ and ϕ¯ given by Theorem 1 when we perturb equation (8) with
f and f¯ , respectively, and we compare the distance between ϕ and ϕ¯ in the metric
given by (22) with the distance between f and f¯ in the metric given by (42).
Theorem 2. Let c > 0 and q > 1. Suppose that equation (1) admits a (µ, ν)-
dichotomy for some D ≥ 1, a < 0 ≤ b and ε > 0 and that the hypothesis of
Theorem 1 are satisfied. Then, choosing for δ > 0 sufficiently small, we have
‖ϕ− ϕ¯‖′ ≤ ‖f − f¯‖′′′
for every f, f¯ ∈ Pc,q, where ϕ, ϕ¯ ∈ Xδ,β are the functions given by Theorem 1 for
the same constant C > D corresponding to the perturbations f and f¯ , respectively.
Proof. Let n ∈ N and ξ ∈ Bn(δβn). From (38), putting for every k ≥ n
γk := ‖fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) − f¯k(x
ϕ¯
k (ξ), ϕ¯k(x
ϕ¯
k (ξ)))‖,
we obtain
‖ϕn(ξ)− ϕ¯n(ξ)‖ ≤
+∞∑
k=n
‖A−1k+1,nQk+1‖ γk, (43)
where xϕ, xϕ¯ ∈ Bn,δ,β are the sequences of functions given by Lemma 1 associated
with (f, ϕ) and (f¯ , ϕ¯), respectively. By (42), (5), (23), (24), (27) and (28) we have
for k ≥ n
γk ≤ ‖fk(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) − f¯k(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ)))‖
+ ‖f¯k(x
ϕ
k (ξ), ϕk(x
ϕ
k (ξ))) − f¯k(x
ϕ¯
k (ξ), ϕ¯k(x
ϕ¯
k (ξ)))‖
≤ 3q+1‖f − f¯‖′′′‖xϕk (ξ)‖
q+1
+ 3q+1c‖xϕk (ξ)− x
ϕ¯
k (ξ)‖(‖x
ϕ
k (ξ)‖ + ‖x
ϕ¯
k (ξ)‖)
q
+ 3qc‖ϕ− ϕ¯‖′‖xϕ¯k (ξ)‖
(
‖xϕk (ξ)‖ + ‖x
ϕ¯
k (ξ)‖
)q
≤ 3q+1Cq+1δq‖f − f¯‖′′′‖ξ‖
(
µk
µn−1
)aq+a
ν
ε(q+1)
n−1 β
q
n
+ 2q3q+1cCqδq‖xϕ − xϕ¯‖′′‖ξ‖
(
µk
µn−1
)aq+a
ν
ε(q+1)
n−1 β
q
n
+ 2q3qcCq+1δq‖ϕ− ϕ¯‖′‖ξ‖
(
µk
µn−1
)aq+a
ν
ε(q+1)
n−1 β
q
n
(44)
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and using (33), the last estimate, (43), we get
‖ϕn(ξ)− ϕ¯n(ξ)‖ ≤ 3
q+1Cq+1Dδq‖f − f¯‖′′′‖ξ‖µ−aqn−1ν
ε(q+1)
n−1 β
q
n
+∞∑
k=n
µaqk ν
ε
k
+ 2q3q+1cCqDδq‖xϕ − xϕ¯‖′′‖ξ‖µ−aqn−1ν
ε(q+1)
n−1 β
q
n
+∞∑
k=n
µaqk ν
ε
k
+ 2q3qcCq+1Dδq‖ϕ− ϕ¯‖′‖ξ‖µ−aqn−1ν
ε(q+1)
n−1 β
q
n
+∞∑
k=n
µaqk ν
ε
k
≤ 3q+1Cq+1Dδq‖f − f¯‖′′′‖ξ‖+ 2q3q+1cCqDδq‖xϕ − xϕ¯‖′′‖ξ‖
+ 2q3qcCq+1Dδq‖ϕ− ϕ¯‖′‖ξ‖.
(45)
Now, we will estimate ‖xϕ−xϕ¯‖′′. By (20), (44) and (2) we obtain for every m ≥ n
and every ξ ∈ Bn(δβn)(
µm
µn−1
)−a
ν−εn−1‖x
ϕ
m(ξ)− x
ϕ¯
m(ξ)‖
≤
(
µm
µn−1
)−a
ν−εn−1
m−1∑
k=n
‖Am,k+1Pk+1‖ γk
≤ 3q+1Cq+1Dδq‖f − f¯‖′′′‖ξ‖µ−aqn−1ν
εq
n−1β
q
n
m−1∑
k=n
µaqk ν
ε
k
+ 2q3q+1cCqDδq‖xϕ − xϕ¯‖′′‖ξ‖µ−aqn−1ν
εq
n−1β
q
n
m−1∑
k=n
µaqk ν
ε
k
+ 2q3qcCq+1Dδq‖ϕ− ϕ¯‖′‖ξ‖µ−aqn−1ν
εq
n−1β
q
n
m−1∑
k=n
µaqk ν
ε
k
≤ 3q+1Cq+1Dδq‖f − f¯‖′′′‖ξ‖+ 2q3q+1cCqDδq‖xϕ − xϕ¯‖′′‖ξ‖
+ 2q3qcCq+1Dδq‖ϕ− ϕ¯‖′‖ξ‖
and this implies
‖xϕ − xϕ¯‖′′
≤ 3q+1Cq+1Dδq‖f − f¯‖′′′ + 2q3q+1cCqDδq‖xϕ − xϕ¯‖′′ + 2q3qcCq+1Dδq‖ϕ− ϕ¯‖′.
Thus, for δ > 0 such that 2q3q+1cCqDδq < 1/2 we have
‖xϕ − xϕ¯‖′′ ≤ 2 · 3q+1Cq+1Dδq‖f − f¯‖′′′ + 2q+13qcCq+1Dδq‖ϕ− ϕ¯‖′.
It follows from the last estimate, (45) and 2q3q+1cCqDδq < 1/2 that
‖ϕn(ξ)− ϕ¯n(ξ)‖ ≤ 2 · 3
q+1Cq+1Dδq‖f − f¯‖′′′‖ξ‖+ 2q+13qcCq+1Dδq‖ϕ− ϕ¯‖′‖ξ‖
for every n ∈ N and every ξ ∈ Bn(δβn). Hence we get
‖ϕ− ϕ¯‖′ ≤ 2 · 3q+1Cq+1Dδq‖f − f¯‖′′′ + 2q+13qcCq+1Dδq‖ϕ− ϕ¯‖′
and choosing δ > 0 such that 2q+13qcCq+1Dδq < 1/2 we obtain
‖ϕ− ϕ¯‖′ ≤ 4 · 3q+1Cq+1Dδq‖f − f¯‖′′′.
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To finish the proof we have to choose δ > 0 such that 4 · 3q+1Cq+1Dδq ≤ 1. 
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